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The axial dispersion of an impulse of tracer injected into a 
fluid in laminar flow in a tube is caused by the interaction of 
radial diffusion and the nonuniform velocity profile. Taylor 
(1953) and Aris (1956) showed that dispersion of the solute 
leads to a Gaussian area-average concentration profile suffi- 
ciently far downstream. The process can thus be described by a 
Fickian mechanism, with the dispersion coefficient, t, related to 
the molecular diffusivity, a, by 

Pe2 
a, 192 
: = I + - -  

where Pe = U a / B  is a PCclet number, with U the centerlinc 
vclocity and a the tube radius. Applicability of this result 
requircs a tube length L >> Ua2/2D, and the course of dispersion 
in tubes much shorter than this is much more complicated than 
suggested by Eq. 1. Describing this evolution of concentration 
profiles to the Taylor-Aris limit has been the subject of a large 
number of studies employing numerical and analytical ap- 
proaches, or some combination, as reviewed recently by Vrentas 
and Vrentas (1988). 

For determining radially averaged concentration profiles un- 
der the frequently encountered conditions of short times or large 
Pkclet numbers, Yu’s ( I  976, 1979, 198 1 )  method is, as noted by 
Vrentas and Vrentas, the most useful. Yu’s approach is to 
expand the local solute concentration radially in a series of Bes- 
sel functions and then to solve the resulting series of partial dif- 
ferential equations in the axial coordinate and time by Fourier 
and Laplace transformation, respectively. Although truncation 
of the radial series allows some economy in computing the solu- 
tion, the Fourier transformation can be extremely expensive. 
This is especially true at  very short times, where the extent of 
axial spreading is small and it is thus necessary to include very 
high frequencies in the transformation. The method of DeGance 
and Johns ( 1978a, b, 1980) suffers from a similar problem: their 
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axial expansion, in  terms of Hermite polynomials, also applies to 
an infinite domain. 

This paper describes a modification of Yu’s method which 
leads to an appreciable improvement in computational effi- 
ciency. It treats the infinite Pe limit, for which it makes use of a 
Fourier series expansion axially instead of Fourier transforma- 
tion. This is possible because of the absence of the axial diffusion 
term, as a result of which axial transport is purely convective 
and the axial domain is therefore finite. There is no loss of gen- 
erality in the restriction to infinite Pe since solutions for all other 
Pe can be easily obtained by a Gaussian smoothing of the infi- 
nite Pe solution (Wang and Stewart, 1983). The solution 
scheme can also be adapted, following the approaches described 
by DeGance and Johns (1978a, b), to obtain solutions for sys- 
tems of different cross-section or with different velocity profiles, 
as well as for the situation in which there is first-order reaction 
at  the walls. 

Problem Statement 
We consider fully developed laminar flow in a tube for which 

the local solute concentration, C({, I, T), satisfies the scaled con- 
vection diffusion equation in the absence of axial diffusion, 

The dimensionless variables and parameters are defined as 

(3) 

where z, r and t are the axial and radial coordinates and time, 
respectively. Eq. 2 is to be solved subject to the boundary condi- 
tions 

ac 
at 
- = 0  a t  ( = 0 , 1 ,  (4) 
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implying symmetry at the centerline and no flux at the walls, 
and the initial condition 

where 

C =  a(<) at 7 = 0. ( 5 )  

Solution Procedure 
The local solute concentration, C(J, (, 7) ,  is found by a 

method similar to those of Yu (1976, 1979, 1981) and DeGance 
and Johns (1978b). It is expanded in axial and radial series, with 
the axial expansion a Fourier series over the finite domain into 
which solute will be transported up to any given time of interest, 
7,. This domain is { E (-r0/2,  r0/2), with 70 simply a parame- 
ter used in the computations. This restriction of the axial 
domain to the actual region accessible to solute is the main rea- 
son for the computational economy of the procedure. Results for 
a given 7 can actually be obtained using any value of 70 > 7, but 
the greatest efficiency will be for 7 0  = 7. Thus 

which yields a set of partial differential equations for the com- 
plex coefficients, a.(& 7 )  (note that a-, is the complex conjugate 
of an since Cis real): 

(7) 

These equations are to be solved subject to the radial boundary 
conditions, Eq. 4, and the initial conditions 

1 

7 0  
an = - at 7 = 0. 

The coefficients, like those of Yu (1976, 1979, 1981) and 
DeGance and Johns (1978b), are expanded radially in terms of 
the radial Eigenfunctions 

where 

Thus 

where 

(9) 

(.,.) = 2 j ' . . , $ d [ ,  
0 

and substitution in Eq. 7 yields a set of ordinary differential 
equations for the a,,,'s: 

dan.! i 4 m  
-= - - A ~ 0 , , ~ - - ~ a , , p 4 ~ . ~  I = O , 1 , 2  ,..., a (13) 
d7 7O k-0 
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The initial conditions for the anJ are 

with all other aJ0) being zero. 

dently for each value of n. For n = 0 the solution is simply 
The coefficients described by Eq. 13 can solved for indepen- 

uo,/ = u0./(O)e-'fT I = 0, I ,  2, . . . , (16) 

but for other n the equations are coupled and the infinite series 
must be truncated to make a simultaneous solution possible. The 
procedure is best followed by writing Eq. 13 for each n in matrix 
form as 

da - = Pa, 
dr 

with u and P infinite-dimensional for the moment. As was done 
by Yu (1976, 1979, 1981), the fast and slow modes are treated 
separately; here this amounts to partitioning u into a, = 

[an.,,  a.2, . . . a n . ~ 1  and = [an,u+l. anM+zv . . , anNl with 
truncated at some large N. P is partitioned similarly, from 
which the coupled equations 

are obtained. For 

7 >-> ~/WIJ$), (20) 

pseudo-steady-state can be assumed for Eq. 19, from which af 
can be solved algebraically as 

with Eq. 18 then giving 

Numerical implementation is straightforward, and standard 
routines were used for most steps. Matrix exponentials were 
computed by scaling and squaring with an (8,8) Pad6 approxi- 
mant (Moler and van Loan, 1978). Convergence of the trun- 
cated axial series is assured by the Riemann-Lebesgue lemma 
(Haberman, 1983), but values for Mand N are needed in addi- 
tion to the number of axial terms to include in the expansion, Eq. 
6. M should be large enough for Inequality 20 to be satisfied, 
with a bound on the Eigenvalue p i  obtainable by Gershgorin's 
theorem (Wilkinson, 1965): the Eigenvalues pff are within 
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(4m/7,,) Z:,,,+, 1 A,,I of the diagonal elements -A: of P,- Sec- 
ond-order perturbation estimates for small n (Wilkinson, 1965) 
as well as actual computed values for all n show that --AL+, is, in 
fact, a conservative estimate of the dominant eigenvalue, &, 
allowing a reasonable M to be chosen for each n. A suitable 
value of N can be estimated by noting the effect of increasing N 
on elements of the matrix in the exponent in Eq. 22. This can be 
done by the bordering method (Faddeev and Faddeeva, 1963), 
and economical approaches to computing the effect on the 
matrix exponential are also available. However, N has a much 
smaller effect on the results than does M, and Eq. 21 is much 
cheaper computationally than Eq. 22, so a major effort to opti- 
mize N is unwarranted. Since the axial terms can be treated 
independently, the effect of adding additional terms in the 
expansion, Eq. 6, can be seen directly. 

Although the above procedure provides local concentrations, 
C, in principle, it is usually some average concentration that is of 
interest. Quadrature turns the Ic.k functions into algebraic 
weights. The area-average concentration is particularly simple, 
since only the trivial Eigenfunction, Ito = 1, gives rise to a non- 
zero contribution, and hence only the am,o coefficients are 
needed. However, other transverse averages, e.g., the cup-mix- 
ing average, can be found with little additional effort. 

Results and Discussion 
Results are presented separately in terms of the area-average 

concentration, the most widely used average for previous calcu- 
lations of this kind, and the cup-mixing concentration. The 
profiles were obtained by first creating concentration surfaces 
plotted against time and axial position, as shown for the area- 
average in Figure l .  The axial position coordinate is scaled with 
time consistent with the domain of the Fourier series expansion. 
The surfaces were obtained by solving the convective diffusion 
equation for a set of T~ values and using a two-dimensional poly- 
nomial interpolation on the concentration field. As expected, the 
expansions needed became smaller at longer times. For exam- 
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Figure 1. Area-average concentration surface. 

X / T .  

Figure 2. Area-average axial concentration profiles. 
T values: -, 0.002; --. 0.02; ---, 0.2 

pie, satisfactory results at 7 = 0.005 can be obtained with M = 

50, N = 75, and 400 axial terms, while at 7 = 0.02 M - 11, N = 

35, and 200 axial terms are adequate. These two responses 
required about 32 hours and 12 minutes of CPU time, respec- 
tively, on a Sun 4/110. Smaller times than those presented are 
accessible by using larger expansions, but Lighthill’s (1966) 
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Figure 3. Cup-mixing average axial concentration pro- 
tiles. 
T values: -, 0.002; --, 0.02; --, 0.2 
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Figure 4. Area-average exit concentration profiles. 
r ,  values: -. 0.002; --. 0.02; --, 0.1 

treatment of radial diffusion around the “snout” is more eco- 
nomical a t  very short times. 

Instantaneous axial concentration profiles are found from the 
surface along lines of constant T ,  while concentration profiles a t  
fixed positions as a function of time are along curves in the 7 - 
2{/~ plane. Area-average and cup-mixing axial profiles for sev- 
eral values of T are shown in Figures 2 and 3. The last two values 
of T were chosen to correspond to values for which area-average 
concentrations were presented by Yu (1981); the agreement is 
excellent, with comparable performance using Yu’s method 
requiring between one and two orders of magnitude more CPU 
time than the present one. The profiles are asymmetric because 
of the interaction of axial convection and radial diffusion. The 
leading edge a t  short times corresponds to purely convective 
transport (Taylor, 1953) while radial diffusion can be accounted 
for in the early stages as described by Lighthill (1966). 

Figures 4 and 5 show area-average and cup-mixing average 
exit concentration profiles as functions of time for tubes of vari- 
ous lengths, characterized by the minimum transit time, T,. The 
results agree qualitatively with the numerical results of Mayock 
et al. (1980), Atwood and Golay (1981), and Gill and Anantha- 
krishnan (1967) in predicting double peaks in the area-average 
profiles, which result from the segregation of solute into the fas- 
ter-moving region near the center and the slower-moving region 
near the wall. Our results do not agree exactly with those of 
other groups, the most likely source of the discrepancies being 
the inaccuracy of finite-difference methods in coping with the 
steep gradients present a t  short times; errors are also cumulative 
in finite-difference solutions. The double-peaked elution profiles 
have been used as a method for estimating molecular weights 
(Kelleher and Trumbore, 1984; Trumbore et al., 1985); the cup- 
mixing results are probably the relevant ones for the experimen- 
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Figure 5. Cup-mixing average exit concentration pro- 
files. 
T, values: -, 0.002; --. 0.02; ---, 0.1 

tal set-up used there, in view of the mixing likely at  the entrance 
to the detector used. 

Surfaces such as that shown in Figure 1 need to be calculated 
only once, and can then be used to obtain results for any value of 
Pe through the use of Gaussian smoothing (Wang and Stewart, 
1983). Since this technique applies to the local concentration, it 
also applies to all transverse averages. 

Acknowledgment 
We are grateful for support provided by the National Science Foun- 

dation under grant no. CBT-8746050. 

Notation 
u = tube radius 
a, = Fourier coefficient 

a,,, - Fourier-Bessel coefficient 
(I = vector of a41(s for given n 

Ak,, = constants defined by EQ. 14 
C = local solute concentration 
a = binary diffusivity 
L - tube length 
M = limit of slow mode expansion 
N = limit of fast mode expansion 
P = matrix defined by Eq. 17 

Pe = Piclet number, U a / D  
r = radial coordinate 
t = time 
U = centerline velocity 
z = axial coordinate 

Greek letters 
e = dispersion coefficient < = dimensionless axial coordinate, zD/Uu* - 7/2 

A, = radial Eigenvalue 
I”S/ = Eigenvalue of P,, 
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p$ - largest Eigenvalue of P,, 
[ - dimensionless radial coordinate, r / a  
7 - dimensionless time, 2 h / a 2  

T,,, - dimensionless minimum transit time, DL/Ua2 
T~ - upper limit of T 
4 - radial Eigenfunction 

Subscripts 
f - fast 
I = Bessel mode 
n = Fourier mode 
s - slow 
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